Abstract: Lateral strengths required to avoid dynamic instability of single-degree-of-freedom systems are examined. Oscillators with a bilinear hysteretic behavior with negative postyield stiffness are considered. Mean lateral strengths normalized by the lateral strength required to maintain the system elastic are computed for systems with periods ranging from 0.2 to 3.0 s when subjected to 72 earthquake ground motions recorded on firm soil. The effect of the period of vibration and postyield stiffness are investigated. Results indicate that mean normalized lateral strengths required to avoid dynamic instability decrease as negative postyield stiffness increases and that the reductions are much larger for small negative postyield stiffness than for severe negative postyield stiffnesses. It is concluded that there is a significant influence of the period of vibration for short-period systems and for systems with mildly negative postyield stiffnesses. Dispersion of normalized lateral strengths required to avoid dynamic instability are found to increase as the negative postyield stiffness decreases and as the period of vibration increases. Simple equations that capture the effects of period and postyield stiffness to aid in the evaluation of existing structures are obtained through nonliner regression analyses.
Introduction
Structures that exhibit a reduction in lateral-resisting force with increasing lateral displacements may exhibit dynamic instability when subjected to earthquake ground motions. A reduction in lateral-resisting force with increasing lateral displacements can be the result of geometric nonlinearities ͑i.e., P-⌬ effects͒, material nonlinearities ͑strength degradation͒, or a combination of these phenomena. The response of inelastic structures with negative postyield stiffness has been primarily studied in connection with P-⌬ effects. The first study to evaluate the dynamic instability of inelastic structures was that of Jennings and Husid ͑1968͒ and Husid ͑1969͒ who investigated the effects of gravity on yielding structures by evaluating the time to failure of bilinear singledegree-of-freedom ͑SDOF͒ systems with periods of vibration equal to 0.5, 1.0, 1.5, and 2.0 s when subjected to an ensemble of eight artificial earthquake ground motions. The study concluded that the time to collapse of bilinear hysteretic structures was strongly influenced by the postyield slope of the forcedisplacement relation, and that collapse would not occur if this postyield stiffness remained positive. Another study of the response of SDOF systems with negative postyielding stiffness subjected to earthquakes ground motions was conducted by Bernal ͑1987͒ who considered bilinear systems with periods between 0.2 and 2.0 s subjected to four recorded earthquake ground motions.
More recently, MacRae ͑1994͒ reviewed previous studies on P-⌬ effects and conducted an investigation of bilinear SDOF systems subjected to 11 Japanese earthquake records. These studies have provided important information about the response of simple systems with negative postyield stiffness. However, most previous studies were primarily aimed at producing recommendations of force amplification factors to be used in the design of new structures to estimate lateral strengths required in order not to exceed specific values of ductility. Hence, these studies focused on constant-ductility amplification factors to determine lateral strengths required to avoid maximum tolerable displacement ductility demands but not on strengths required to avoid collapse. A notable exception is the more recent work of Bernal ͑1992͒, who provided approximate expressions to compute the lateral strength required by SDOF systems to avoid collapse as a function of ground motions parameters. Specifically, he proposed expressions to compute collapse spectral ordinates as a function of the period of vibration and of the postyield negative slope of SDOF systems and as a function of peak ground velocity, peak ground displacement, and a measure of duration of motion. However, previous studies only considered negative stiffnesses due to P-⌬ effects, hence, they were limited to relatively small values of negative stiffness. In particular, the stability coefficients considered by Bernal ͑1992͒ increased with the period of vibration, as one would expect for systems where P-⌬ effects are significant, but not for structures that exhibit strength degradation, so many cases of practical significance were not considered in that study. Many existing structures that were built prior to the development of modern seismic codes, can experience a negative postyield stiffness when subjected to lateral loads. In particular, poorly detailed reinforced concrete structures will exhibit negative slopes larger than those considered in P-⌬ studies and may experience dynamic instability before reaching even moderate ductility demands such as two or three. Hence, there is a need to study the While real structures are significantly more complex than SDOF studies, recent studies have shown that study of the dynamic instability of SDOF systems provides significant insight to the assessment of collapse of multidegree-of-freedom structures subjected to earthquakes and several methods to estimate the dynamic instability of buildings have been proposed based on equivalent SDOF models ͑Bernal 1992, 1998; Vamvatsikos and Cornell 2002͒. Furthermore, Vamvatsikos ͑2002͒ has reported that the dynamic instability of trilinear SDOF systems characterized by having an intermediate segment with zero or positive slope between the elastic and negative-slope segments can be estimated from the response of SDOF bilinear systems whose elastic and negative-slope segments coincide with those of the trilinear SDOF systems ͑Vamvatsikos 2002͒. Hence, the study of SDOF systems can provide significant insight to the response of a wide variety of structures.
The objective of this technical note is to present the results of a study aimed at assessing the minimum lateral strength required to avoid the dynamic instability of SDOF systems. The approach used in this study is different to that used by Bernal ͑1992͒. Instead of computing the lateral strength as a function of peak ground parameters, here the minimum lateral strength is computed as a function of linear elastic spectral ordinates that provide a more accurate characterization of ground motion characteristics. The main goals of the study were: ͑1͒ to study the effect of the postyield negative stiffness on the minimum strength required to avoid collapse; ͑2͒ to study the effect of period of vibration; ͑3͒ to compute mean normalized strengths required to avoid dynamic instability; and ͑4͒ to develop approximate expressions to assist practicing engineers in evaluating the minimum lateral strengths required in existing structures required to avoid dynamic instability.
Relationship between Lateral Strength and Dynamic Instability
The study considered SDOF systems with a bilinear forcedisplacement relationship characterized by a linear segment with initial stiffness K followed by a postyield linear segment with negative stiffness Ϫ␣K. As shown in Fig. 1 , the yield displacement of the system is ⌬ y ϭF y /K, where F y is the yielding force of the system. When subjected to static monotonically increasing lateral displacements, the maximum displacement that the system can be subjected to, without collapse, is (1ϩ1/␣) times the yield displacement. Hence, since the yield displacement is directly proportional to the lateral strength then, for a given postyield negative slope, the displacement that produces dynamic instability decreases as the lateral strength of the system decreases. When subjected to earthquake ground motions, the likelihood of experiencing dynamic instability in a system with a given negative slope will also increase as the lateral strength decreases.
An example of the dependence of the occurrence of dynamic instability on lateral strength is shown in Fig. 2͑a͒ where maximum displacements of SDOFs with a period 1.0 s and different lateral strengths are plotted. These results were computed with a ground motion recorded during the 1984 Morgan Hill California earthquake at the Gilroy No. 3 station. The continuous line corresponds to systems with negative stiffnesses of 6% of the elastic stiffness while the dotted line corresponds to systems with negative stiffness of 21% of the elastic stiffness. In Fig. 2 , maximum displacements are normalized by the maximum displacement of system with linear elastic behavior. Similarly, lateral strengths are measured relative to lateral strengths required to maintain the system elastic using strength ratios R, which are defined as
where mϭmass of the system; and S a ϭacceleration spectral ordinate. It can be seen that for ␣ϭ0.06 and strength ratios smaller than 4, changes in lateral strength do not produce large changes in displacement demand and that these displacements do not depart significantly from the maximum displacement of an elastic system. This behavior is similar to that of elastoplastic systems (␣ ϭ0) ͑Ruiz-Garcia and Miranda 2003͒. However, if in this case the lateral strength of the system is further reduced (R is increased beyond 4͒, large increases in displacement demand occur and dynamic instability is produced soon after for a strength ratio of 4.56. In this study, this strength ratio at which collapse occurs is referred to as the collapse strength ratio, R c . Note that the system with a larger negative slope exhibits dynamic instability at a significantly smaller R c of 1.93. An example of the effect of lateral strength on the behavior of SDOF systems with a period of 0.5 s is shown in Fig. 2͑b͒ . It can be seen that, similarly to what typically happens for short-period elastoplastic systems, for RϾ1, the inelastic displacement demands are larger than the maximum displacement of elastic systems, however, in this case when ␣ϭ0.06, dynamic instability is produced when the strength ratio reaches 3.84. It can be observed that again, the system with a larger ␣ experiences dynamic instability at a smaller strength ratio. For certain period and certain ground motions, it is possible to find strength ratios higher than R c for which the system is dynamically stable. However, in general, only the smallest strength ratio at which dynamic instability occurs is of interest.
Statistical Study

Systems and Ground Motions Considered
As shown in Fig. 2 , the collapse strength ratio will be different for different periods, different negative slopes, and different ground motions. In order to assess changes in R c with changes in the period of vibration and changes in negative slope, an ensemble of 72 earthquake acceleration time histories was considered. Ground motions were recorded in the state of California in nine different earthquakes with magnitude ranging from 6.1 to 7.7. All accelerograms were recorded on firm sites with average shear wave velocities higher than 180 m/s ͑600 ft/s͒ in the upper 30 m ͑100 ft͒ of the site profile that correspond to site class D according to current seismic provisions in the U.S. Building Seismic Safety Council ͓͑BSSC͒ 1997 . A complete list of these ground motions can be found in Ruiz-Garcia and Miranda ͑2003͒.
Bilinear systems, as those shown in Fig. 1 , with a damping ratio of 5% and with ten values of ␣ between 0 and 2 were considered. Forty-seven periods of vibration between 0.2 s and 3.0 s were used. For each system and each earthquake record, the lateral strength was decreased using an incremental search approach ͑Akai 1994͒ using constant increments of R until dynamic instability was produced. Values of R c within a 1% tolerance were then found in the last interval using the bisection method. Fig. 3 shows mean collapse strength ratios for SDOF systems with periods of vibration of 0.2, 1.0, and 3.0 s for 10 different postyielding stiffness ratios ␣ between 0.03 and 2.0. It can be seen that as previously mentioned, the strength ratio at which dynamic instability is produced decreases as ␣ increases. This means that the steeper the negative slope in the system, the stronger the system needs to be ͑relative to the strength required to maintain the system elastic͒ in order to avoid collapse. It is well known that elastoplastic systems (␣ϭ0) do not experience dynamic instability, hence, the collapse strength ratio increases asymptotically to ϱ as ␣→0. Therefore, when ␣ is smaller than about 0.2, the collapse strength ratio is very sensitive to changes in ␣. For example, for a period of 2.0 s, the mean collapse strength ratio reduces approximately to one fourth of its value when the postyield stiffness ratio changes from 0.03 to 0.21, which means that a 2.0 s system with a negative slope of ␣ ϭ0.21 needs to be, on average, approximately four times stronger than a 2.0 s system with a mild negative slope of ␣ϭ0.03 in order to avoid collapse. For values of ␣Ͼ1, the structure is very brittle and therefore must remain practically elastic in order to avoid collapse.
Effect of Postyield Stiffness
Effect of Period of Vibration
As shown in Fig. 3 , the variation of the collapse strength ratio with changes in the postyield slope is not the same for different periods. Fig. 4 shows the variation of the collapse strength ratio with changes in the period of vibration. It can be seen that for systems with a mildly negative postyield stiffness ͑e.g., ␣ ϭ0.03) period of vibration can have a very strong effect on the mean lateral strength ratio at which collapse is produced. For   Fig. 3 . Effect of postyield stiffness on the mean strength ratio at which dynamic instability is produced Fig. 4 . Effect of period of vibration on the mean strength ratio at which collapse is produced example, the mean R c of a system with a period of vibration of 3.0 s and ␣ϭ0.03 is approximately twice the mean R c of a system with the same ␣ but with a period of vibration of 1.0 s. For moderate postyield stiffness ratios ͑e.g., ␣ϭ0.15), the period dependence is moderate, while for strongly negative postyield slopes such as when ␣Ͼ1, the mean R c is practically period independent. Fig. 5 shows the coefficient of variation of the collapse strength ratio as a function of the postyield stiffness ratio ␣. It can be seen that dispersion on R c decreases as ␣ increases. Similarly, dispersion tends to increase as the period of vibration increases. The dispersion on R c is particularly high for systems with mildly negative postyield stiffness ͑e.g., ␣Ͻ0.06) and long periods of vibration. For a system with strongly negative postyield stiffnesses ͑e.g., ␣Ͼ0.5), the dispersion on the collapse strength ratio is very small.
Dispersion of the Collapse Strength Ratio
Nonlinear Regression Analyses
As discussed previously, avoidance of collapse of structures with negative postyield stiffness strongly depends on their lateral strength. This is particularly important during the evaluation of older existing structures in which, due to inadequate connections and detailing combined with P-⌬ effects, the structure may exhibit a negative postyield slope. Hence, during the evaluation of existing structures, it is particularly important to determine if the structure has enough lateral strength to avoid dynamic instability ͑collapse͒. For structures with negative postyield stiffness current provisions ͑BSSC 1997͒ recommend factors that increase displacement demands as a function of the negative postyield slope and period of vibration but do not explicitly address the possibility of experiencing dynamic instability.
In order to provide practicing engineers with some guidelines to estimate lateral strengths required to avoid collapse, nonlinear regression analyses were conducted using the statistical results previously described. Fig. 3 shows that collapse strength ratios exhibit a hyperboliclike behavior with changing postyield stiffness ratios, hence, mean collapse strength ratios can be estimated with the following equation:
where a and bϭperiod-dependent constants that, through a twostep nonlinear regression analysis, were found that can be approximated by the following equations
where Tϭperiod of vibration of the system. Fig. 6 shows a comparison of mean collapse strength ratios for SDOF systems with a period of 1.0 s with those computed with Eq. ͑2͒. It can be seen that this very simple equation captures quite well the variation of R c with changes in ␣. Similarly, Fig. 7 shows mean collapse strength ratios computed with Eqs. ͑2͒-͑4͒ for periods of vibration between 0 and 3 s. A comparison between Figs. 4 and 7 shows that Eqs. ͑2͒-͑4͒ also capture quite well the period dependence of R c . The lateral strength required to avoid collapse can be approximated by dividing the elastic ordinate ͑lateral strength required to maintain the system elastic͒ by the collapse strength ratio computed with Eq. ͑2͒. All the ground motions considered in this study were recorded on firm soil conditions, so results should not be used for structures built on very soft soil sites.
Summary and Conclusions
Lateral strengths required to avoid dynamic instability of bilinear SDOF systems with negative postyield stiffness were investigated. Mean lateral strengths normalized by the lateral strength required to maintain the system elastic are computed for systems with periods ranging from 0.2 to 3.0 s and postyield negative stiffness ratios ranging from 0.03 to 2.0 when subjected to 72 earthquake ground motions recorded on firm soil. The following conclusions are drawn from this study:
The strength ratio at which dynamic instability is produced decreases as the postyield negative stiffness ratio ␣ increases. This means that the lateral strength required to avoid collapse increases as the postyield descending branch of the forcedeformation relationship is steeper. When ␣ is smaller than about 0.2, small increases in ␣ can produce significant increases in required lateral strength to avoid instability. Meanwhile for values of ␣Ͼ1, the system must remain practically elastic in order to avoid collapse.
The collapse strength ratio increases with increasing period, particularly for postyielding negative stiffness ratios smaller than 0.3. Mean collapse strength ratios of short period structures are relatively strong, particularly when ␣Ͼ0.1. Dispersion of collapse strength ratios decreases as ␣ increases and as the period of vibration decreases. Coefficients of variation of collapse strength ratios are particularly small for ␣Ͼ0.5. An approximate equation to estimate lateral strengths required to avoid dynamic instability of bilinear SDOF system is proposed.
